Abstract. We investigate the evolution of the chiral magnetic instability in a protoneutron star and compute the resulting magnetic power and helicity spectra. The instability may act during the early cooling phase of the hot protoneutron star after supernova core collapse, where it can contribute to the buildup of magnetic fields of strength up to the order of 10 14 G. The maximal field strengths generated by this instability, however, depend considerably on the temperature of the protoneutron star, on density fluctuations and turbulence spectrum of the medium. At the end of the hot cooling phase the magnetic field tends to be concentrated around the submillimeter to cm scale, where it is subject to slow resistive damping.
Introduction
The origin of the magnetic field strengths observed in neutron stars and magnetars (highly magnetized neutron stars [1] ) up to 10 15 G [2, 3] is still under debate. The most popular explanations include adiabatically compressed fossil fields of the parent star and dynamo generated fields [4] . More recently it has been suggested that the magnetic field of magnetars is related to a chiral asymmetry of particles, produced during the core collapse of supernovae [5] . An imbalance in the number of right-and left-handed fermions was previously studied in the context of QCD plasmas [6, 7] as well as applied to the early universe as a possibility to explain the generation and evolution of cosmological magnetic fields [8, 9] . This so-called chiral magnetic effect or chiral magnetic instability was also suggested to account for the observed kicks that accelerate neutron stars [10] .
In a pure electron-positron plasma, the chiral magnetic instability does not allow the growth of seed magnetic fields [11] , but in the presence of neutrinos an electroweak plasma with neutrino-antineutrino asymmetries was found to be able to amplify magnetic fields to interesting scales for neutron stars [12, 13] . Another crucial ingredient to take into account are the spin flip interactions due to the finite electron mass which violates chirality. This tends to decrease the asymmetry between left-and right-handed electrons faster than it is created by electroweak processes [14] . In addition, it was claimed that the chiral asymmetry in the forward scattering amplitude of electrons off nuclei due to the electroweak interaction can create a magnetic field instability in the same way that the chiral asymmetry does, but which acts on much longer time scales and is not washed out by chirality-flipping processes [15, 16] .
It is not yet clear if the chiral magnetic instability can transfer sufficient energy stored in chiral fermions into magnetic field energy to give a significant contribution to the magnetic fields inferred for neutron stars and magnetars. In the present paper we aim to model the chiral magnetic effect in this environment, review the underlying assumptions proposed for this mechanism to work and understand its physical implications. We solve the evolution equations for the chiral chemical potential, the chemical potential of the background species on which electrons scatter, the magnetic energy and the magnetic helicity power spectra. This allows us to estimate the conditions for which magnetic fields can be amplified in a neutron star. We show that a seed magnetic field can be amplified to small scales shortly after the collapse in the core of hot stars through the chiral magnetic effect and that for its surface or cooled down neutron stars this mechanism is not effective to generate the strong magnetic fields observed.
The remainder of the paper is structured as follows: In Sect. 2 we summarize the conditions in a protoneutron star relevant for magnetic field evolution and set up the basic modified MHD equations. In Sect. 3 we solve the evolution equations, estimate the maximal magnetic field strength and discuss assumptions and uncertainties. We summarize our results and conclude in Sect. 4 . Throughout the paper we will use Gaussian natural units, c 0 = = k B = 1, and the electric permittivity and magnetic permeability of the vacuum are set to 0 = 1/(4π) and µ 0 = 4π, respectively.
Framework and basic equations

Thermodynamics of a protoneutron star
Immediately after core collapse, a protoneutron star reaches temperatures of the order of tens of MeV in its core. To a given temperature corresponds a chemical potential ∆µ = µ n − µ p = µ e − µ ν [17] , that can be used together with the fact that neutrinos are trapped inside the core at this stage, such that the lepton fraction Y L is temporarily conserved. The relation Y L n B = n e + n ν , where n B = n n + n p is the baryon number density, and electric neutrality, n e = n p , allows us to estimate the number densities and chemical potentials of the particle species involved.
When a massive star collapses protons are converted into neutrons by capturing lefthanded electrons e L + p → n + ν e L , producing an asymmetry between the number of leftand right-handed electrons N 5 ≡ N L − N R . Such electroweak reactions are known as URCA processes and their emissivity is [18] 
where g A 1.26 is the axial-vector coupling of the nucleon, θ C ≈ 0.24 is the Cabbibo angle, G F = 1.166 × 10 −5 GeV −2 , m n and m p are the masses of the neutron and proton, respectively and µ e is the electron chemical potential. Since µ e T , the rate of electron capture is then
If the URCA processes are not in thermodynamic equilibrium with the inverse reactions, an asymmetry N 5 can build up. This is the case, for example, if neutrinos escape the neutron star, which occurs when their mean free path is larger than the neutron star radius. This condition is met beyond the neutrino sphere or when enough time has passed for the star to cool down to the point when it becomes transparent to neutrinos, roughly 10 seconds after collapse.
For the typical momenta of the particles in the core of a protoneutron star electron capture takes place, while in the crust or when proton and electron concentrations are low momentum conservation highly suppresses electron capture and an additional particle is required to absorb momentum, such as another proton or neutron. If p F,n > p F,e + p F,p , the previous rate is modified to [19] 
where α π ≈ 15 is the pion-nucleon fine structure constant. During the hot initial phase, the charge carriers in the neutron star are semi-degenerate. There are no simple equations for the conductivity for this case. In the degenerate limit the conductivity is given by the following expression [20] , 4) with ρ p the proton density. In the relativistic non-degenerate high temperature limit the conductivity would be dominated by the pair plasma and be of the order of the temperature [21] which is lower than the obtained through (2.4). However, it turns out that the final magnetic field is insensitive to the conductivity in this range of values because the magnetic field grows on timescales much shorter than the dynamical timescale of the system and then saturates. Therefore, for our calculations we will use eq. (2.4) for the conductivity, which is closer to the relevant conditions in the protoneutron star, and we will also assume the temperature T and the conductivity σ to be constant. Even though in the core of a collapsing supernova electrons are relativistic, the fact that they are massive suggests that we should not take them as strictly chiral particles, since the amplitude of a positive helicity component for a left-chiral state is approximately
(m e /E). This means that there is a probability (m e /E) 2 that a scattering electron of a certain chirality flips into the opposite chirality state -either by Rutherford scattering, electron-electron scattering or Compton scattering -which tends to decrease N 5 . Rutherford scattering dominates in this case, which allows us to write the chirality-flipping rate as (E ∼ T ) [14] Γ f e 4 m 2
where e is the electron charge and m e is the electron mass.
Evolution equations
When a chiral imbalance is present, such as the one originated by electron capture, the AdlerBell-Jackiw anomaly implies that a current
will be induced, whose partial derivative, instead of vanishing, is related to the Chern-Simons current through
With N 5 = d 3 rψγ 5 ψ and N CS ≡ d 3 rK 0 space integration implies the conservation relation
Thus the Chern-Simons number of the electromagnetic field connects the chiral asymmetry to the magnetic helicity
with the magnetic field B and vector potential A. Maxwell's equations are then modified by the introduction of a current contribution
in the presence of a chiral imbalance, with chiral chemical potential
This affects the magnetohydrodynamics (MHD) equation that now takes the form
with η = 1/(4πσ) being the resistivity. In the following we will neglect the velocity field v so that our subsequent analysis applies in the plasma rest frame, provided that the velocity field is sufficiently smooth, which we elaborate in appendix A. It will be left to future work to investigate under which conditions this is a good approximation in the presence of turbulence and other contributions to the velocity such as rotation.
In Fourier space and introducing the expansion of the magnetic field into a left-and right-handed partB 12) where e is an arbitrary unit vector perpendicular to k, one can then rewrite (2.11) as
The magnetic field energy density and helicity density can be written in terms of the power spectra in Fourier space,
(2.14)
Combining (2.12) and (2.13) and multiplying with the magnetic field complex conjugate, the power spectra evolution is given by 16) where V is the volume. We can translate particle number into chemical potential using 17) which can be approximated to linear order in µ 5 to N 5 = c(T, µ e )V µ 5 , with
15)
To express the evolution of the chiral chemical potential we take into account the processes described by (2.5) and (2.9) that affect the number of left-and right-handed particles, resulting in 19) where µ 5,b is the equilibrium value of µ 5 in the absence of resistivity. This term represents an effective chemical potential generated by the interactions of electrons with background species such as neutrinos that act as sources of the asymmetry, thus containing the term proportional to (2.2). We can roughly estimate it by considering the number N b of background particles, such that the processes that change N 5 , neglecting the magnetic field contribution for now, can be written as
Comparing this with (2.19), results in
Furthermore, we approximate the background particles at the temperatures of the core of a protoneutron star to be non-degenerate relativistic fermions with g b degrees of freedom. This is plausible since the chiral asymmetry mostly results from URCA processes involving chiral neutrinos whose chemical potential is at most of the order of the temperature which would give rise to order one corrections. From thermodynamics we can then relate the number of background particles with the temperature using
This effective background chemical potential can also include a possible contribution from the difference of the forward scattering amplitudes of left-and right-handed electrons on nucleons, that was considered in the form of an effective potential V 5 in [15] and [16] . Requiring energy conservation of the combined system consisting of the magnetic field, the chiral asymmetry in the electro sector and the background particles implies an evolution equation for µ 5,b of the form of
as we will see below.
Magnetic field amplification
The initial magnetic field of a protoneutron star, which for example can result from adiabatic compression of the stellar seed field during collapse, is affected by the chiral magnetic effect in a way which depends on the scales we are interested in. From (2.13) for growing modes we obtain the condition 24) such that magnetic field modes with k > k 5 decay due to resisitivity. For k < k 5 the magnetic field mode with the same sign for helicity and µ 5 also decays while the mode with helicity signs opposite to µ 5 grow. All magnetic field modes are damped due to finite resistivity with the resistive damping rate Γ r = ηk 2 whereas the growth/decay rate due to the chiral instability is given by
The maximal total growth rate Γ tot = Γ χ − Γ r occurs at Γ max = ηk 2 5 /4, which corresponds to the wavenumber k 5 /2. Let us analytically analyze the expected behavior of µ 5 by setting ∂ t µ 5 = 0 in (2.19). If we normalize H k to the maximal value that the helicity can take, H max (k) = 8πM k /k, this gives
When the magnetic field is negligible,μ 5 µ 5,b , and modes smaller than k 5 grow exponentially at the rate Γ tot . The magnetic field terms begin to dominate when ρ m π 2 c(T, µ e )/(4ηe 4 )Γ f . In this limit the flipping rate is negligible compared to the magnetic field induced rate and the instability yieldsμ
In generalμ 5 = µ 5,b and the terms of (2.19) compensate each other. As a consequence the magnetic helicity density will change linearly with time at a rate
The fact that we have almost maximal helicity implies that also the magnetic energy density changes linearly with time, either growing or decreasing according to the sign of (µ 5 − µ 5,b )/h. The helicity would be constant only if Γ f = 0 or if µ 5 = µ 5,b . Assuming that the magnetic energy is concentrated around a characteristic scale k 0 = k 5 (μ 5 ) and that the helicity is maximal and has opposite sign toμ 5 implies that also ρ m will be constant. In this case the chiral magnetic instability reaches saturation, where the growth and damping rates compensate each other.
Energy balance
By definition of a chemical potential the energy E 5 associated with the chiral asymmetry is given by dE 5 = µ 5 dN 5 and with E 5 = 0 for µ 5 = 0 results in
Differentiating this with respect to time, using (2.19) with the helicity normalized to its maximal value and inserting k 5 , we obtain
We can also estimate the change in magnetic energy that a finite µ 5 can induce by using that the instability produces maximally helical fields and that, as we have seen, the growth has its peak at k 5 /2. Thus dE m k 5 |dH|/(8π) and using (2.9) gives dE m V c(T, µ e )µ 5 dµ 5 . If there is an initial chiral asymmetry µ 5i , the increase in magnetic energy density is given by
The total energy density
then only depends on the initial value µ 5i which implies that the maximal increase in magnetic energy density obeys ∆ρ m ≤ ρ tot . Eq. (2.15) can be rearranged into
which together with (2.30) provides the rate of change of the total energy
The term proportional to µ 5,b is responsible for the energy exchange with external particles and we see that apart from it, since the integrand of (2.34) is non-negative, the energy decreases due to chirality flips and finite resistivity. It is strictly conserved only for the casẽ µ 5 = µ 5,b , and if the magnetic energy is concentrated in the mode k 5 and helicity is maximal with opposite sign to µ 5,b , which are the same conditions mentioned above for ∂ t ρ m = 0.
Similarly to the energy associated with the chiral particles, the energy density ρ b associated with the background species is given by dE b = µ 5,b dN b . Using (2.21), this gives
The initial chemical potential of the background species, µ 5,bi , gives us a measure of the maximal energy that can be transferred into magnetic energy density
For the interactions to conserve energy one has to set ∂ t ρ b = −∂ t ρ 5 in the absence of magnetic fields and, computing the time derivative of (2.35) and using (2.30), this yields the evolution equation for the background species (2.23). This shows that µ 5,b changes typically with the rate Γ w and that will be in equilibrium for µ 5 = µ 5,b when the magnetic field is concentrated around k 5 (µ 5,b ) and has maximal helicity of sign opposite to µ 5,b , given by (2.22). Fig. 1 shows the dependence of the ratio Γ w /Γ f on the temperature for a protoneutron star. Once the energy contribution (2.36) is added to (2.34), the only remaining source of energy change is resistive damping. Inserting (2.22) into (2.36), we obtain where in the last expression the degrees of freedom of the background species were taken as g b = 2. (2.37) can be used to predict the maximal field strength generated for a given temperature and is shown in fig. 1 . We can see that the maximal magnetic field amplification strongly increases with temperature.
Up to now we assumed that µ 5 evolves only in time, neglecting the possible contribution of its spatial evolution, as studied by Ref. [22] . There it was shown that the system can be unstable with respect to growing inhomogeneous modes of
. If we consider the fastest growing mode k 5 /2 and the maximum magnetic field strength generated from (2.36), we can estimate whether the inhomogeneity of µ 5 plays a role or not in our case. We find then that the solution of (2.19) will be stable if Γ w /Γ f < 4/π, which is verified for the temperature values we are interested in, as is clear from the left-hand side of Fig. 1 . This implies that for our purposes µ 5 (x, t) ≡ µ 5 (t) is a safe and justified assumption.
Density fluctuations
Neutrinos of energy E ν 3T are trapped at the high temperatures in the protoneutron star core, where densities easily reach n B = 2n 0 , with n 0 1.7 × 10 38 cm −3 the nuclear matter number density. The mean free path for absorption by a neutron is [23] The absorption mean free path is more important than scattering and yields 1.5 m for T = 20 MeV and 10 cm for T = 40 MeV. The scattering mean free path yields 1 m at 20 MeV and 14 cm at 40 MeV. These typical temperatures will be used in the following section.
To take into account the fact that the interior of a young neutron star is turbulent we consider the existence of density fluctuations δρ relative to the average density ρ. These density perturbations seem to amount to at least 25% [24] . If the scale of the fluctuations is smaller than the neutrino mean free path, locally these regions can amplify a seed magnetic field, since the neutrinos stream freely on that scale such that the URCA processes and their reverse processes are not in thermal equilibrium and the rate of production of chiral imbalance µ 5 will be of the order of the direct URCA rates Γ w . To study the influence of the fluctuations somewhat more quantitatively we introduce an effective creation rate of chiral imbalance Γ eff w = Γ w δρ/ρ which is a rough estimate of the difference of the absorption and emission rates of left chiral electrons due to the electroweak URCA interactions. Rewriting the chiral asymmetry equilibrium value (2.22) and the characteristic wavenumber of the instability (2.24) in terms of the density fluctuations, we have
From (2.37), the resulting maximal field amplification with respect to the density fluctuations then becomes
(2.41)
Solutions of the evolution equations
We now apply the previous treatment to the core and the neutrino sphere of a protoneutron star. In a core collapse supernova with a progenitor mass ∼ 8M , as described by [25] , shortly after core collapse the lepton fraction is Y L 0.3. For the chemical potential difference we consider the two realistic cases ∆µ = 80 MeV and 60 MeV, which correspond to temperatures of 40 MeV and 20 MeV, respectively, for a core density of 2n 0 , as before. We can then compute the number density and chemical potential of each species as described in Sect. 2.1 which results in the electron chemical potential µ e 260 MeV and the proton densities ρ p 1.3×10 14 g cm −3 for 40 MeV and 1.2×10 14 g cm −3 for 20 MeV. From this the conductivity is obtained from eq. (2.4).
We solve the system of eq. (2.15), (2.16), (2.19) and (2.23) for 90 wavenumber modes spanning from k max = 2k 5 to k min = 10 −4 k 5 , with constant width in log 10 k. The time scale used is normalized to the resistive damping time of the instability
We first analyze the case for which the density fluctuations are close to the average density δρ ∼ ρ and then consider that δρ is lower than ρ by one order of magnitude. After the initial 10 seconds of its life, the neutron star becomes transparent to neutrinos and the magnetic field amplification can be estimated by putting δρ/ρ = 1. In fig. 2 Figure 3 . Time evolution of the magnetic energy density ρ m and total energy density ρ tot . Also shown is the initial total energy density which limits the maximal magnetic energy density that can be reached by the instability. In the left panel T = 40 MeV and in the right panel T = 20 MeV.
2 × 10 −3 1 × 10 −9 3 × 10 −12 6 × 10 −8 3 × 10 −6 8 × 10 14 20
4 × 10 −6 9 × 10 −8 3 × 10 −12 0.04 1 × 10 −3 1 × 10 13 Table 1 . Equilibrium chiral asymmetry (2.40), chiral asymmetry creation and depletion rates (2.2) and (2.5), respectively, damping time (3.1) and characteristic scale (2.40) values for δρ/ρ = 1. Maximal magnetic field amplification computed using (2.41).
that Γ w has a stronger dependence on temperature than Γ f , which means that the higher the temperature, the higher the magnitude of µ 5 and the sooner the chiral magnetic instability develops and subsequently damps. The values predicted for the maximal field strength (2.41) are listed in the last column of table 1. For the examples we chose magnetic seed fields B 0 = 10 12 G for T = 40 MeV and B 0 = 10 9 G for T = 20 MeV to illustrate how the magnetic field amplification is limited by energy conservation when the magnetic energy gets close to the maximum allowed value. In fig. 3 , for T = 40 MeV the magnetic energy density grows steeply up to close to the total energy of the system, corresponding to B max 1 × 10 14 G, within a few µs and subsequently the magnetic field decreases by a factor of more than 10 within a few seconds. For T = 20 MeV, the magnetic field grows within about 4 seconds up to B max 1 × 10 12 G.
includes the energy density ρ 5 from (2.29), the energy corresponding to the background particles coupling to the chiral electrons from (2.35) which ensures that the total energy due to the scattering terms is conserved, and the magnetic energy density ρ m . The initial total value is not exceeded and, as predicted, ρ tot decreases only due to resistive damping following the dissipation of ρ m . The number of wavenumber modes considered is sufficiently large for the decay of the magnetic energy to correspond to a smooth curve. The decay changes ρ m roughly linearly with time, as expected from the discussion in Sect. 2.3. The chiral asymmetry is built up through the capture of left-handed electrons until an equilibrium with the spin-flip processes is reached at µ 5 = µ 5,b . When the magnetic field starts to be amplified, the term in (2.19) proportional to the magnetic helicity will eventually dominate. At this point the asymmetry µ 5 will start to decrease as chiral energy is transferred into magnetic energy.
The curve (µ 5 − µ 5,b )/|µ 5,b | in fig. 2 is very close to zero after the equilibrium value is reached, which implies that when the magnetic field terms begin to dominate the evolution of µ 5 and µ 5,b occurs in lockstep. The chiral chemical potential grows and reaches equilibrium at a value close to µ 5,b until the magnetic field term starts to dominate and depletes the chiral asymmetry. The scattering of electrons, covered by the term proportional to µ 5,b does not allow for µ 5 to be replenished.
The magnetic helicity density, normalized to the maximal value h max (k) = (8π/V )(M k /k), depends on the mode considered and maintains its initial value, here simply chosen as h 0 = h max /2, until the amplification of the magnetic field makes it either grow to its maximum or decay, if the sign between helicity and µ 5 is the opposite or equal, respectively. Thus, fields amplified by the chiral instability turn into maximally helical fields. Furthermore, once magnetic field growth sets in the evolution is essentially independent of the initial helicity.
It is also interesting to compute how the magnetic field power spectrum evolves with time. Fig. 4 shows the time evolution of the magnetic field power spectrum for a flat and a Kolmogorov initial spectrum. As expected, the final magnetic field power spectrum is not very sensitive to the initial magnetic field power spectrum. The magnetic field power spectrum peaks at wavenumbers close to k 5 /2, while it decays with time due to resistive damping for k > k 5 . Since k 5 is proportional to the evolving chiral chemical potential µ 5 , see (2.24), which decreases for log 10 (t/t damp ) > 2, first steeply and then smoothly, see fig. 2 , with growing time the peak in the magnetic power spectrum moves to smaller k. This is reflected in fig. 4 which also shows that the total magnetic energy grows exponentially for times 10 2 t damp t 10 3 t damp , then saturates and gets damped for subsequent times. In the simulations of the magnetic field power spectra we considered the most relevant modes k for magnetic amplification: The peak of the magnetic field power spectrum yields a maximal growth for k 5 /2 and taking into account much smaller wavenumber modes up to the size of the neutron star radius, k ∼ 1/(10 km), does not significantly change our results.
We can also estimate the time dependence of k 5 in the damping regime: Eq. (2.15) shows that amplification stops and resistive damping sets in when 2ηk 2 5 t ∼ 1. Therefore, we expect the scaling
where k 0 5 and µ 0 5 are the values of k 5 and µ 5 , respectively, at t t damp . Fig. 4 allows us to estimate the length scale at which the power spectrum peaks after the magnetic field growth ends. For T = 40 MeV we obtain k −1 0.1 mm while for T = 20 MeV we find k −1 3 cm. This is significantly smaller than the neutrino mean free path discussed in Sect. 2.5. Therefore, in the presence of significant density fluctuations on these length scales we expect that magnetic field growth due to the chiral magnetic instability is possible.
Let us finally turn our attention to the case involving density fluctuations δρ/ρ = 0.1 in the core of the neutron star, as illustrated in fig. 5 for seed magnetic fields of 10 9 G. For T = 40 MeV one obtains a field amplification of now only 1 × 10 13 G, whereas for 20 MeV it yields 2 × 10 11 G.
Neutrino sphere and cold neutron star
If we consider the typical radius of a neutron star to be 10 km, the density at the neutrino sphere is ∼ 10 11 g cm −3 . The lepton fraction can be roughly taken as Y L ∼ 0.1 [26] and the average neutrino energy is at most 16 MeV [27] , which translates to a temperature of T ∼ E ν /3 ∼ 5 MeV. At this and lower temperatures, an additional particle is required for electron capture to occur, similarly to the modified URCA process N + p + e L → N + n + ν e L , Let us now briefly concentrate on mature neutron stars of about 10 5 years old, where the core temperature drops to typically 2 × 10 8 K and the main cooling mechanism is surface photon emission [25] . The URCA rate yields an also very small instability equilibrium value |µ 5,b | ∼ 10 −32 MeV, which in turn corresponds to a field growth only around extremely small k and in extremely large time scales, indicating that the chiral asymmetry is also not effective in generating magnetic fields for this regime. We, therefore, obtain significant magnetic field amplification only during the hot initial phase of the neutron star. This is in contrast to [15, 16] which included the difference in the forward scattering amplitudes for left and right chiral electrons which gives rise to a constant potential term V 5 . These authors effectively introduced the rescaling µ 5 → µ 5 + V 5 in the terms involving the magnetic field but not in the terms for the chiral asymmetry evolution due to interactions with the background, yielding an artificial steady source of magnetic energy. However, in our opinion this rescaling should be performed in all terms so that it only introduces a constant shift of µ 5 which can be eliminated by redefining µ 5 . In other words, the thermodynamic equilibrium abundances can only depend on the total chiral energy difference µ 5 + V 5 , and not only on µ 5 . As a result, V 5 should affect neither the scale nor magnitude of the magnetic field amplification. In contrast, if only the kinetic part of µ 5 would be given by (2.22) , substituting µ 5,bi → µ 5,bi + V 5 in (2.36) and using µ 5,bi µ 5,b with (2.22) would yield
But since Γ w ∝ G 2 F and V 5 ∝ G F this would not vanish in the limit of G F → 0, as is expected since if parity is conserved and there is no chiral asymmetry, the energy associated with the chiral asymmetry should vanish. This indicates that the evolution of the system should not depend on V 5 . The consideration of a term of this kind has been also discussed and discarded in [14, 29] under similar reasoning. In Ref. [28] the authors claim that the maximal magnetic field energy density B 2 eq /(8π) is given by the thermal energy of the nucleons and electrons but no derivation is given and it is unclear how this is related to V 5 . Furthermore, saturation of magnetic field growth is introduced ad hoc by substituting µ 5 + V 5 → (µ 5 + V 5 )/(1 + B 2 /B 2 eq ) without derivation.
Summary and conclusions
In a supernova core collapse electron capture creates an imbalance between left-and righthanded electrons µ 5 ∼ eV -keV. It has been suggested that the chiral anomaly can transform the energy associated with this chiral imbalance into the growth of helical magnetic fields, possibly up to the high values that have been observationally inferred for neutron stars and magnetars. In the present work we investigated this possibility within a semi-analytical approach with specific emphasis on the evolution of the total energy which can only decrease or stay constant and thus limits the maximally possible magnetic field strength. While neutrinos are trapped in the core, density fluctuations allow for local thermodynamic disequilibrium between URCA and inverse URCA rates due to neutrino free-streaming on sufficiently small length scales ν ∼ cm, which prevents this imbalance to be washed out by the inverse reactions. For length scales 10 −6 cm π/(2e 2 |µ 5 |) ν 15 cm the chiral magnetic effect can then create magnetic fields of roughly maximal helicity on time scales short compared to the evolution of the neutron star before they saturate due to the limited energy associated with the chiral lepton asymmetry.
For a core temperature of 40 MeV, we obtain maximal magnetic field strengths B max ∼ 10 14 G on tens of nanometer length scales reached within microseconds. For lower temperatures, such as 20 MeV, the magnetic fields are smaller and concentrated on larger length scales, and the growth rates are lower. This suggests that the range of field strengths and power spectra due to the chiral magnetic instability depend on the initial temperature of the protoneutron star. The generated fields are not strong enough to account for typical magnetar field strengths and tend to be produced on submillimeter length scales rather than dipolar fields on the linear scale of the star. We also find that outside the neutrino sphere, as well as in a cold neutron star at temperatures below 10 MeV, the chiral instability can not lead to significant field amplification, due to the fact that lower temperatures imply smaller asymmetry values µ 5 .
We briefly summarize the differences between our study and other recent work on the chiral magnetic instability in neutron stars. Maximum surface fields of 10 18 G were estimated in Ref. [5] by considering a very high and constant µ 5 = 200 MeV. The procedure in Ref. [14] yields a chiral asymmetry ∼ 10 −12 MeV (for T = 30 MeV), several orders of magnitude lower than our result motivated by the electroweak electron capture rate. The responsible mechanism for the magnetic field growth in Ref. [15, 16, 28] is stated as being due to a potential term V 5 that accounts for the parity asymmetric forward scattering of chiral electrons and nucleons and which acts on a much longer time scale, being relevant for cold neutron stars. In our treatment any chiral asymmetry in the forward scattering of electrons on background species does not separately contribute to the enhancement of the magnetic field because only the total asymmetry energy µ 5 + V 5 should enter the evolution equations, as also concluded in Ref. [14, 29] . We rather believe that the magnetic field evolution only depends on the asymmetry between left-and right-handed electron abundances which in turn is a function of the ratio of electroweak URCA and spin flip rates.
One important approximation taken throughout this work was neglecting the role that turbulence may play in suppressing the chiral instability by setting v = 0 in the MHD equation. This should be a good approximation as long as the velocity field is sufficiently smooth on the instability length scales or the power index sufficiently large, as shown in A, which allows to transform into an inertial frame moving along with the plasma. We also consider the temperature and the resistivity of a protoneutron star to be constant over the first initial stage of evolution after the supernova collapse. The later should be a good approximation since for T 20 MeV all relevant time scales, including the instability growth scale, are short compared to the scale on which the temperature changes, which is a few seconds [17] . Lower temperatures imply instability time scales longer than a few seconds on which the cooling of the protoneutron star should be taken into account. The resistivity that we employed in this work assumes that particles in the protoneutron star core are degenerate whereas a semi-degenerate regime is more realistic. This affects the resistive damping rate and thus the damping time and the timescale in which the instability grows. Additionally, since the instability timescale is in any case small compared to the dynamical timescale, the final state, in particular the finite magnetic field strength, is not influenced by this uncertainty because it is determined by saturation of the magnetic field energy at a value comparable to the energy in the chiral asymmetry and given by eq. (2.37).
by considering that the relevant scale for the instability is = 2π/k 5 = (π/e) 2 |µ 5 | −1 .
We take the example of a protoneutron star with T = 40 MeV, with a corresponding conductivity of σ 0.21 GeV computed from (2.4) , that according to table 1 has an electron chiral chemical potential of 2 × 10 −3 MeV. Considering the scale at which most energy will be concentrated after the hot cooling phase being L ∼ km, for a Kolmogorov velocity spectrum (n = 2/3), we obtain ∇ × (υ × B) e 2 /(2π 2 σ)µ 5 ∇ × B 5 × 10 3 υ rms .
(A. 5) This implies that for n = 2/3, the effect of the chiral instability dominates unless the fluid velocity of the protoneutron star core is υ rms 10 −4 . As an upper limit to the typical velocities implied we consider the example of 4 × 10 8 cm/s [24] , rendering υ rms 10 −2 , which indicates that in this regime our results do not apply for Kolmogorov turbulence, but only for larger power indices, such as n = 4/3 in this case. For a lower limit on the fluid velocity we take the example of 10 5 cm/s [30] , giving υ rms 3 × 10 −6 , which according to (A.5) shows that the MHD equation will be dominated by the chiral anomaly for a Kolmogorov type spectrum in this case.
The velocity term in the MHD equation becomes less important as n increases: for a Kraichnan type spectrum (n = 1), (A.4) is of the order unity and smaller for υ rms 10 −3 . The previous estimates make clear that turbulence can be neglected for relatively small fluid velocities or large power indices, but that depends on the details of the velocity spectrum at play in the core of the protoneutron star.
